We show that the presence of Majorana zero-modes in a one-dimensional topological superconductor can be detected by adiabatic cooling. This cooling effect results from an increase of the topological entropy associated with the ground state degeneracy due to such modes. Here, we consider an experimentally feasible topological superconductor: a strong spin-orbit coupled semiconducting quantum wire interfaced with an s-wave superconductor and subjected to a magnetic field. Numerical simulations of realistic experimental geometries indicate that the creation of Majorana zero-modes, which can be achieved by tuning of electronic gates or the external magnetic field, results in a measurable cooling effect. We also argue that this cooling effect results in an increase in the zero bias peak conductance.
Introduction-Majorana zero-modes, which are predicted to appear in odd-pairing topological superconductors, 1,2 have recently attracted a lot of attention. This interest is partially driven by the possibility of employing non-Abelian statistics associated with the Majorana zero-modes for topological quantum computation. 3, 4 It has been suggested that topological superconductors can be realized in heterostructure devices built from readily available ingredients, such as topological insulators 5 or Rashba spin-orbit coupled semiconductor, 6, 7 in proximity with an s-wave superconductor. Among all proposals, devices that consists of a one-dimensional semiconducting wires with strong spin-orbit coupling in proximity with an ordinary s-wave superconductor are the most promising. 8, 9 This optimism is fueled by the recent experimental observation of a zero-bias peak, which is likely due to the presence of Majorana zero-modes. [10] [11] [12] [13] The appearance of this zero-bias peak, however, does not provide any information about the quantum statistics associated with the Majorana zero-modes. In this paper, we propose an experimental procedure to verify the Majorana-zero mode quantum statistics by detecting their topological entropy.
Majorana-zero modes have proven challenging to detect in two-dimensional settings. In quantum Hall systems, experimental proposals are often based on interferometry, [14] [15] [16] which requires a microscopic understanding of edge transport, or charge sensitive bulk measurements, [17] [18] [19] neither of which applies to a 1D topological superconductor. Alternatively, a cooling effect associated with the ground state degeneracy of Majorana zero-modes, similar to spin demagnetization cooling effect, has been proposed for charge insensitive bulk detection. 20, 21 As a necessary condition for nonAbelian statistics, the ground state degeneracy, Γ ∼ d N q , has to grow exponentially with respect to the number of quasiparticles N q , where d > 1 is the quantum dimension of the nonAbelian quasiparticles (d = √ 2 for Majorana zero-modes). This contributes a temperature independent topological entropy, 22 S
, to the total entropy,
where S n (T ) is the normal entropy that monotonically increases as a function of the temperature. When Majorana zero-modes are created in an adiabatic process, i.e., S (T ) remains constant, the increase of the topological entropy leads to a reduction of the normal entropy and hence a cooling effect.
In this paper, we consider the adiabatic cooling effect due to the creation of Majorana zero-modes in a one-dimensional topological superconductor made of a semiconducting quantum wire in proximity with an s-wave superconductor. We start with a wire in the topological superconducting phase by properly tuning of the chemical potential and the external magnetic field. 23 Gating and variation of the magnetic field is used to bring the middle segment of the wire into a nontopological phase as shown in Fig 1. As a consequence, additional localized Majorana modes appear at the domain wall separating the topological and non-topological phases. When this procedure is performed adiabatically, it results in a cooling effect, i.e., the final temperature is lower than the initial temperature T f < T i . Based on a numerical analysis of experimentally accessible setups with realistic material parameters, we show that an adiabatic cooling effect of ∆T ∼ 20 mK can be achieved. As the cooling effect leads to an increase in the zero bias conductance peak, it can be detected in transport.
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Topological superconductors have a degeneracy resulting from the fact that a pair of Majorana zero-modes form a nonlocal fermion with zero-energy. The occupied fermionic state has the ground state with odd parity, whereas the unoccupied fermion state has even parity. Now, the contributions to the topological entropy can simply be understood by counting the possible ground states configurations. Consider a topological superconductor with a fixed parity, 24 tuning the middle segment of the wire to the non-topological phase results in only two choices. For example, if we begin with an even parity superconductor, the outer segments of topological superconductors can have either even or odd parity after tuning as shown in Fig. 1 . Thus the excess entropy associated with this procedure is just k B ln 2 = 2k B ln √ 2 (exactly the entropy corresponding to two Majorana zero-modes). A similar counting argument holds for an odd parity superconductor.
This simple counting argument can be formally derived as follows. Since the total entropy of a superconductor with fixed particle parity is different from one where particle parity can fluctuate, we shall start from the partition function with the parity constraint
where the superscript e(o) corresponds to even(odd) parity and N is the total particle number. The projection operator [(1 ± (−1) N )/2] suppresses contributions from states with odd and even particle parity, respectively. The mean field Hamiltonian, H MF = n E n γ † n γ n , is expressed in terms of the Bogoliubov quasiparticle operators γ n with quasiparticle energy E n ≥ 0. In terms of the energy spectrum, we have Z ± = (1 ± e −βE n ). In making the BCS approximation, we have assumed that the low-temperature dynamics are completely governed by independent Bogoliubov quasiparticles.
The total entropy can be evaluated from the partition function as
where ρ e(o) is the density matrix for even(odd) parity, is given by
Using Eq. (2), the total entropy can be expressed as
where f ± (E n ) = 1/(1 ± e βE n ). We note that the term inside the parentheses of Eq. (5) is the average occupation number n(E n ) e(o) of a quasiparticle state with the energy E n under the even(odd) parity constraint.
In the presence of m ≥ 1 fermionic zero-energy states, Eq. (5) can be simplified to
where we have defined Z + ≡ Z + /2 m to allow for separation of the zero-energy state contributions. Now, Eq. (6) represent all the contributions to the entropy of a superconducting system with a parity constraint in the presence of fermionic zeroenergy mode(s). Identifying a pair of Majorana zero-modes with a fermionic zero-energy state, i.e., N q = 2m, facilitates comparison of Eq. (6) with the general entropy expression of a non-Abelian system (see Eq. (1)). The first term in Eq. (6) can be recognized as the temperature independent topological entropy S D of N q Majorana zero-modes, while the terms inside the parentheses represent the temperature dependent entropy due to the normal sources S n (T )
Cooling effect of quantum wire -As mentioned in the introduction, gating or variation of the magnetic field will generate additional Majorana zero-modes, which will lead to a cooling effect. For this cooling effect to be observable, it is important that (i) the normal sources provide enough initial entropy, which requires an initial minimum temperature T > T min for the experiment, and (ii) the normal entropy contribution should be strongly temperature dependent and weakly dependent on other parameters. Here, the minimum initial temperature, defined by S n (T min ) = k B ln 2, is the lowest temperature required to generate additional Majorana zeromodes adiabatically. The second condition requires that the quasiparticle density of states in the energy window, E T i , does not change significantly in the cooling process, where the energy E is measured respect to the superconductor ground state energy.
For a finite superconducting quantum wire, the fermionic contributions to the entropy come from either discrete energy states, due to size confinement, or a continuous Bogoliubov spectrum E > ∆ (∆ is the proximity induced superconducting gap). The continuous Bogoliubov density of states changes drastically, as the number of occupied bands increases by one. Therefore, in order to satisfy condition (ii), we must exclude the entropy contributions of the continuous Bogoliubov quasiparticle states. This can be achieved by choosing the initial temperature of experiment much smaller than the superconducting gap. In contrast, the discrete states correspond to confined Andreev bound states resulting from finite size effects and typically lie inside the superconducting gap. Since these discrete states are determined by the wire dimensions both in the topological and the non-topological phase, their density of states remains unchanged during the transition. In order to ensure that the change in the normal contribution to entropy during the tuning procedure is associated to a reduction in temperature only, we numerically check that the density of states does not change significantly for the entire parameter window considered below. Combining the condition discussed above with (i), we require the existence of the temperature regime k B T min < k B T i ∆ to observe the cooling effect. Below, using numerical simulation, we show that the above temperature regime exists and leads to a measurable cooling effect. 
where c r,α (c † r,α ) is the annihilation (creation) operator at the site r = (r x , r y , r z ) with spin α =↑, ↓, and d = ad is the vector connecting the nearest neighboring sites. The following parameters are chosen to coincide with the material parameters and experimental conditions: the hopping constant t, the lattice spacing a, the spin-orbit coupling strength on the lattice U R , the chemical potential µ(r), and the Zeeman energy E z = gµ B |B|/2 with the magnetic field B (g is the Landé g-factor and µ B is the Bohr magneton). The superconductor contact is modeled by introducing a constant pairing potential ∆ 0 (r) = ∆ 0 at the bottom of x − y surface, which self-consistently gives a desired proximity induced pairing potential ∆. As both the magnetic field and the local chemical potential can be tuned externally, a segment of the wire can be driven into the topological phase when E Z > ∆ 2 + (µ(r) − µ 0,n ) 2 is satisfied. 23 Here, µ 0,n is the chemical potential corresponding to the center of the gap between the 2n − 1 and the 2n bands of the multi-band model in Eq. (7).
As a concrete example, we focus on the InSb semiconductor wire that has the band mass m = 2 /(2ta 2 ) = 0.015m e , spin-orbit energy E SO = U 2 R /t = 50 µeV, and g ≈ 50. 11 We set N x × N y × N z = 600 × 5 × 4 with the lattice spacing a = 25 nm that leads to the hopping amplitude t = 4.06 meV and U R 0.11t. Throughout the discussions, we choose the chemical potential µ ≈ µ 0,3 , to sit around the gap between the 5 th and 6 th bands. The choice of the pairing potential ∆ 0 = 650 µeV, self-consistently leads to a proximity induced pairing potential ∆ ≈ 200 µeV, 11 choosen to mimic experimental conditions. A magnetic field applied along the wire direction B x , gives the Zeeman energy E z ≈ 1.45B x meV/T.
We now propose two possible schemes to implement the adiabatic cooling effect due to the creation of the Majorana zero-modes labelled as (I) and (II) from here onwards. (I) Start with a uniform chemical potential µ i ≈ µ 0,n occupying 2n − 1 bands with E Z > ∆. The whole wire is in the topological phase with a pair of Majorana zero modes at its ends. Then adiabatically tune the chemical potential of the middle segment of the wire to µ m f = µ i + dµ m . This drives the middle segment into the non-topological phase and creates two extra Majorana zero-modes at the domain walls. (II) Start with a non-uniform chemical potential profile µ i (r) with a higher value in the middle segment of the wire. A sufficiently large magnetic field is applied to the wire so that the whole wire is initially in the topological phase. Then adiabatically reduce the magnetic field to drive the middle segment of the wire into the non-topological phase creating two extra Majorana zeromodes at the domain walls. To demonstrate that the adiabatic cooling effect can be observed in the InSb semiconductor wire setup, we numerically compute the spectrum of the lattice model, Eq. (7) with the aforementioned material parameters. Then, the entropy of the system can be evaluated from Eq. (6) . From the initial setup of either scheme (I) or scheme (II) at an initial temperature T i , the total entropy is determined by S i (T i ). Here the subscript i( f ) denotes the initial(final) state of the setup. By adiabatically creating an extra pair of Majorana zero-modes following the procedure described in either scheme (I) or scheme (II), the temperature independent topological entropy becomes S D = k B ln 2 from Eq. (6) . As the total entropy is unchanged in an adiabatic process, the final temperature T f can be evaluated by requiring that
The implementation of scheme (I) gives the temperature difference dT = T f − T i shown in the contour plot in Fig. 2a  as a 88 mK and effectively becomes independent of dµ m when the middle segment of the wire is deep inside the non-topological phase, dµ m 350 µeV. This stems from the fact that the quasiparticle density of state (other than the Majorana zero-modes) in the energy window, E T i , remain largely unchanged over the gating process. It is worthwhile to note that the initial entropy S i (T i ) < k B ln 2 when T i 67 mK which sets the minimum temperature T min .
Following scheme (II), the contour plot in Fig. 2b shows the temperature difference dT = T f − T i as functions of the initial temperature T i and the difference of the applied magnetic field dB x = B x, f − B x,i in the x-direction. We use the external gates to tune the chemical potential of two outer segments and the middle segment of the wire to µ o = µ 0,3 and µ m = µ 0,3 + 165 µeV, respectively. Initially, an external magnetic field B x,i ≈ 200 mT is applied to the wire. Then, the magnetic field is gradually reduced to a final strength B x, f . In the current setup, the middle segment of the wire becomes nontopological, hence creating a pair or Majorana zero-modes, when the magnetic field difference dB x = B x, f − B x,i −18 mT. We note that scheme (2) results in more irregular cooling effect as tuning the magnetic field in general causes more dramatic changes of quasiparticle density of state.
Provided that the hybridization 22 of Majorana modes is still negligible, some comments regarding to the qualitative changes upon altering experimental parameters are in order. First, because the total entropy is an extensive quantity, a shorter wire or fewer occupied bands provide a smaller normal entropy reservoir and, in principle, has a more prominent cooling effect. Second, increasing the number of gates to create more Majorana zero-modes leads to a stronger cooling effect in a given wire. However, both changes will lead to a higher minimum temperature T min below which the process becomes non-adiabatic, hence the temperature regime in which adiabatic cooling process can be detected becomes smaller. In contrast to the quantum Hall case, where the temperature change is determined by the density and the magnetic field, the temperature change in our case depends on the initial conditions. However, as the operational temperature window in the quantum Hall case 20 is of the same magnitude as in our analysis, we expect that the magnitude of the cooling effect to be similar in both cases.
Discussion-This cooling effect can be detected in transport by analyzing the response of the differential conductance G(eV, T ) with respect to the temperature. Here, we will focus on the temperature dependence of the zero-bias conductance peak (ZBCP) observed in experiments. 11 Since the Majorana zero-mode obeys Fermi-Dirac distribution, the difference of the peak value, ∆G = G(0, T f ) − G(0, T i ), under the cooling process, at low-temperatures, can be approximated as
where ∆T = T f − T i is the change in temperature, T ave = (T f + T i )/2 and the double primes in the superscript indicates the double derivatives with respect to eV. If the differential conductance G(eV, T = 0) is maximized at V = 0, as seen in the current experiments, the cooling will lead to an increase in the ZBCP, while heating will lead to a decrease in the ZBCP. Assuming a Lorentzian profile of the conductance peak with the broadening γ ∼ 25 µeV, 11 we estimate the variation of conductance to be 5 ∼ 10% of G 0 ∼ 2e 2 /h. We would like to stress that only a relative sign change of the temperature needs to determined to detect a cooling effect, therefore, alternate methods such as thermopower 27 or optical techniques can also be employed.
To satisfy the adiabaticity, entropy should not flow in and out of the system as the quasiparticle density is varied throughout the cooling process. This can be achieved by thermally disconnecting the topological superconductor from the environment. In our system, the bulk s-wave superconductor in proximity with the wire provides a reservoir that carries no entropy and effectively isolates the wire. 20 In addition, to minimize entropy losses during the tuning process, we require a slow thermal exchange rate between the lattice and the electrons, i.e., phonons need to be frozen at low temperature, which will lead to a long enough thermal relaxation time, τ T . Since quasiparticle poisoning will alter the parity of the topological superconductor by introducing non-equilibrium particles, the proposed adiabatic cooling schemes must also be performed faster than the poisoning time scale, τ qp . Alternately, the electronic responsive time scale, τ s , which is of the order of nanoseconds, is fast enough to maintain quasi-static equilibrium in the whole system throughout the tuning process. In order to ensure adiabaticity, the tuning procedure has to be performed within the time scale τ s < τ < min(τ T , τ qp ). Typical superconducting qubits have τ qp ∼ 10µs − 1ms, indicating that experimental procedures proposed here can be performed adibatically. 28, 29 To conclude, we would like to comment on other contribution to the normal entropy, such as phonons and domain wall fluctuations which have been ignored. In the low temperature regime, phonons are mostly frozen out and their contributions are negligible. The domain wall fluctuations between the topological and the non-topological regions can lead to extra entropy, however, as they are pinned by the external gates, they can be treated classically. Other sources of entropy, for example, trapped spin, local fermion modes e.t.c., only matter if the entropy associated to these modes changes during the tuning procedure, in which case complementary measurements are required to rule out these possibilities. Finally, the presence of scalar potential disorder alters the quasiparticle spectrum 30 which can change the entropy carried by the quasiparticles. With weak disorder our numerical analysis shows that the cooling effect is unaltered. However, the presence of strong disorder requires more careful consideration, which is beyond the scope of the work.
